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Abstrat
The ritial urrent density of a superonduting lm an be easily determined by an indutive
and ontatless method. Driving a sinusoidal urrent in a single oil plaed in front of a super-
onduting sample, a non zero third harmoni voltage V3 is indued in it when the sample goes
beyond the Bean ritial state. The onset of V3 marks the value of urrent beyond whih the sample
response to the magneti indution is no more linear. To take into aount, in a realisti way, the
magneti oupling between the lm and the oil we have developed a disrete model of the induing
and indued urrents distribution. In the framework of this model the magneti eld prole on the
sample surfae and the oeient linking the urrent owing in the oil and the ritial urrent
density JC of superonduting thin lms is evaluated. The numerial results are heked measuring
JC of several thin lms of Y Ba2Cu3O7−δ of known superonduting properties, used as a ontrol
material.
PACS numbers: 74.25.-q,74.25.Fy,74.25.sv,74.25.Nf
1
I. INTRODUCTION
The use of superondutors in engineering appliations like high eld superonduting
magnets is of fundamental importane. For this reason the ritial urrent density is a rele-
vant gure of merit, that needs to be measured in samples of dierent nature and shapes like
sintered pellets, tapes or thin lms. In partiular, the development of at ables for super-
onduting magnets requires a exible and reliable measurement of this transport property
without damaging the sample.
Years ago Claassen et al.
1
proposed a non destrutive and ontatless method to measure
JC in superonduting thin lms. This method was theoretially justied
2
, subsequently
extended for the analysis of bulk superondutors
3
, and then used for the determination
of the urrent-voltage harateristis of superonduting thin lms
4
. The basi priniple is
the following: a small oil, plaed in lose ontat with the sample under test, is exited
injeting a sinusoidal urrent I0cosωt, and an a magneti eld is generated. The linear
and nonlinear response of the superonduting lm is then olleted by the same oil. The
ritial urrent density JC is determined by looking at the behaviour of the indued third
harmoni signal V3cos(3ωt) as a funtion of the induing urrent. The link between JC and
the urrent irulating in the probe oil is found
1,2
by assuming two important onditions: i)
the sample surfae is at and extended to innity in two dimensions; ii) the total indution
eld is zero on the bak side of the sample. Of ourse this last ondition follows from the
rst one when the magneti penetration depth λ ≤ d, where d is the sample thikness.
Due to these assumptions, the eld prole must have as boundary ondition that only
the parallel omponent is nonzero at the sample surfae. By using a "mirror tehnique",
the sample is replaed by an image oil reeted by the sample surfae and arrying the
same urrent. In this ase the total indution eld on the sample surfae is just twie the
value that would be generated by the single oil in the absene of the sreening urrents.
Aording to ii) and the Ampère's law, the maximum sheet urrent Ks that an be sustained
by a superonduting lm plaed at a distane h from the oil results to be KS(h) =
1
µ0
BTOTALr (h) =
1
µ0
2 ·max{Br(h)} where Br(h) = µ0I0f(r, h)cos(ωt) is the radial omponent
of the indution eld generated by the oil at distane h in the absene of the sample.
Applying the Bean's model, KS = Jcd. By equaling the two expressions found for KS, the
saling relation between the ritial urrent density and the induing oil urrent follows:
2
Jc = k ·
IC0
d
(1)
where IC0 is the induing ritial urrent (dened, for example, using a threshold riterion)
and k = 2 ∗max{f(r, h)} is the oil fator.
In this paper we review this ontatless tehnique by using a disrete modelisation for
the urrent distribution in the oil, in order to alulate in an exat way the indution eld
in all the spae as a funtion of the sample distane to the oil, thikness and magneti
penetration depth. We verify how and under whih irumstane the assumptions made are
veried in the framework of the model, and then we alulate the saling oeients linking
the urrent irulating in the oil to the ritial urrent density of the sample. The paper is
organized as follows: in setion II, after a brief overview on previous studies, we present the
model and alulate the vetor potential in all the spae for the sample oil onguration;
in setion III we hek the validity of our model omparing our analysis with similar results
presented in literature; in setion IV we present the experimental set-up used to measure
superonduting samples of known transport properties to validate the analytial results; in
setion V we nally draw some onlusions.
II. THE DISCRETE MODEL
The Non Destrutive Evaluation (NDE) of the onduting properties of metalli spe-
imens by using eddy urrents methods has been sine years an important subjet for the
sienti ommunity for both appliative and fundamental issues. As an example, we an
ite the pioneering work by C. P. Bean
5
that used a simple solenoid to measure the resistivity
of a sample plaed inside. The neessity of studying large area samples raised the problem
of alulating the spatial prole of the indution eld when using a small multiturn oil.
This problem was solved in an original way by Dodd and Deeds
6
with an "hybrid" model:
they alulated the eld proles for a single turn oil and extended the result to the ase of
multiturn oils by integrating over the oil setion. Their work has been the starting point
for hundreds of experimental and theoretial studies in the eld of NDE.
In the ase of superonduting materials, the thin lm tehnology raised the interest in the
study of both the transport properties
7
(the ritial urrent density) and the eletrodynami
3
response (the absolute magneti penetration depth)
8,9,10,11,12,13,14,15
without damaging the
sample under test. For these issues, a two oil onguration with both ontinuous and
disrete approah has been used.
For a single oil onguration, a ompletely disrete approah by Gauzzi et al
16
was used
to model the oil impedane variation for the measure of the magneti penetration depth
of superonduting samples of dierent nature and shapes. Reently M. W. Coey
17
has
reviewed the single and multiturn impedane oil problem by using a ontinuous method of
kernel funtions. For the evaluation of the transport properties of superonduting samples,
we have shortly presented in the introdution the ontinuous model approah
1,2
.
In this setion, we extend the disrete model by Gauzzi et al
16
to the alulation of the
eld indution proles in all the spae. We will show how and in whih ases this exat
model is simpler and more preise respet to previous hybrid or ontinuous models ited
above.
We investigate the a response of a superonduting slab of nite thikness situated at
−d < z < 0, at a distane h from a panake oil, as shown in gure 1. Further, we onsider
the hypothesis that the outer radius of the oil is less than half sample size to neglet edge
eets. This will be better laried in the following, when we will evaluate and show the
magneti eld proles.
First, we model the oil as a disrete distribution of onentri turns axially and radially
16
equispaed. The wire is supposed innitely thin; this assumption is valid when the wire
diameter is muh smaller than the skin depth at the working frequeny. For example, in
the ase of a opper wire and at frequenies below MHz this approximation holds for wire
diameter up to 0.1 mm. Thus the total urrent density irulating in the oil an be written
in ylindrial oordinates in the following way:
Jθ,coil(r, z) = I
N−1∑
n=0
δ(z + h + n∆h)
M−1∑
m=0
δ(r − R−m∆R) (2)
where I is the total urrent owing in the oil, δ is the delta funtion, R is the internal
oil radius and ∆h, ∆R are the spaings between N adjaent sheets and M adjaent turns
in the same sheet respetively (see g.1). We assume that ∆h and ∆R both equals the wire
diameter dw.
Seondly, we onsider the Maxwell equation at a frequeny ω/2pi for the vetor potential
4
−→
A in the London gauge (
−→
∇ ·
−→
A = 0), expliitly separating the ontributions to the urrent
density in the oil and in the sample:
∇2Aω = −µ0(jω,coil + jω,sample). (3)
At low frequenies within the limit of validity of Ohm's law, the indued sreening urrent
in the sample an be expressed in the following way:
jω,sample = iωσωAω (4)
where σω is the frequeny dependent omplex ondutivity of the sample. By inserting
eq. 4 into eq. 3, the solution for the eld Aω beomes a funtion of jω,coil and σω, the latter
being the only free parameter.
To solve eq. 3, we note that the urrent density jcoil in the oil lies in the (x-y) plane
of the sample.The same must be true for the indued sreening urrents in the sample,
as in a mirror image. This onsideration, and the assumption of a sample with isotropi
ondutivity σ in the plane, allow us to express eq. 3 in ylindrial oordinates. In this ase,
only the orthoradial omponent Aϑ of the vetor potential
−→
A is non zero:
∇2Aϑ = −µ0(jω,coil + iHd(z)ωσωAϑ) (5)
where the origin and diretion of the z-axis are hosen as shown in gure 1, the ω-
subsripts have been omitted, and Hd(z) is the Heaviside funtion, whose value is unitary
in the [0,d℄ interval and zero elsewhere. We have solved the dierential equation 5 in all
the spae with and without the sample by following the Pearl's formalism
16,18
. The solution
for the vetor potential without the sample is:
Aϑ(r, z) = −µ0
I0
2
∫ ∞
0
[∑
n
e−|z+hn|γ
∑
m
rmJ1(rmγ)
]
J1(rγ)dγ (6)
In the presene of a superonduting sample we have three dierent solutions, orre-
sponding to three dierent regions:
5
z<0
Aϑ(r, z) = µ0
I0
2
∫ ∞
0
[∑
n
e−|z+hn|γ
∑
m
rmJ1(rmγ)
]
· (1− F (γ, z, d, l))J1(rγ)dγ (7)
F (γ, z, d, l) =
1
1 + 2γ2l2 + 2γl
√
1 + l2γ2 coth
(
d
l
√
1 + l2γ2
)
(8)
0 ≤ z ≤ d
Aϑ(r, z) = −µ0
I0
2
∫ ∞
0
[∑
n
exp(−hnγ)
∑
m
rmJ1(rmmγ)
]
G(γ, z, d, l)J1(rγ)dγ (9)
G(γ, z, d, l) =
2γl
[
γl sinh
(
z−d
l
√
1 + l2γ2
)
−
√
1 + l2γ2 cosh
(
z−d
l
√
1 + l2γ2
)]
(1 + 2γ2l2) sinh
(
d
l
√
1 + l2γ2
)
+ 2γl
√
1 + l2γ2 cosh
(
d
l
√
1 + l2γ2
)
(10)
z>d
Aϑ(r, z) = −µ0
I0
2
∫ ∞
0
[∑
n
e−hnγ
∑
m
rmJ1(rmγ)
]
·
[
1− e−zγ − L(γ, l, d)e−dγ
]
J1(rγ)dγ(11)
L(γ, l, d) =
2γl
√
1 + l2γ2
(1 + 2γ2l2) sinh
(
d
l
√
1 + l2γ2
)
+ 2γl
√
1 + l2γ2 cosh
(
d
l
√
1 + l2γ2
)
(12)
where γ is a wave number in the xy-plane, the funtions F, G and L represent the sample
ontribution in the onsidered region, and J0 and J1 are the Bessel funtions of order zero
and one respetively. l is a omplex length expressed by the formula:
l =
√
i
µ0ωσω
. (13)
Note that it redues to the normal skin depth for the ase of normal metals and to the
magneti penetration depth for the ase of superondutors. The radial and axial om-
ponents of the magneti eld with and without the sample have been alulated from the
vetor potential by using the standard reursive relations:
6
Br(r, z) = −
∂Aϑ
∂z
(14)
Bz(r, z) =
1
r
∂
∂r
(rAϑ) (15)
The expliit expressions for the omponents of the indution eld in all the spae are
reported in appendix A.
III. NUMERICAL RESULTS
Our general model has been heked in the partiular ase of a single turn, single sheet
oil by using the alulations of Dodd and Deeds
6
. In gure 2 we ompare the results of the
alulations of the radial (Br) and axial (Bz) omponents of the indution eld in the ase
of no sample for a single turn oil with inner radius r0=1 mm and wire diameter equal to 50
µm. The elds have been alulated at a distane z = r0 from the oil surfae (z = 0). The
two models give the same result. In ase of multi-turns oils, the ontinuous approah
2,6
has been widely used. We point out that assuming the simple retangular oil setion of a
ontinuous model produes an over-estimation of the eetive area overed by the exiting
oil urrent in respet to the disrete ase, in whih the eetive surfae is the sum of N-turn
diss of the diameter of the oil wire. One would expet therefore an under-estimation of the
maximum value of the magneti eld ompared to the disrete ase; the error dereases as
the number of turns inreases approahing the ontinuous limit. To show this, we ompare
the ontinuous
2,6
and the disrete model alulating the radial omponent of the magneti
eld in two ases: a) a oil of 5 turns, 5 sheets; b) a oil of 22 turns, 24 sheets. The inner
radius r0 is 1 mm and the sample to oil distane is h=0.1 mm; the wire diameter has been
assumed to be 50µm. The results of these alulations are reported in gure 3. As expeted,
the maximum Br eld alulated with the ontinuous model is under-estimated respet to
the disrete one of 8 and 2% for the ase a) and b) respetively. By using the methods
proposed in ref.
1,2
, this would imply an under-estimation of the ritial urrent density of
the same amount.
One the disrete model has been suessfully tested, we have used it to alulate the
oeient k(h) in eq. 1. Firstly, we have veried the ondition to apply the Bean model
7
properly. To do so, we have alulated the total indution eld on the sample surfae by
using eq. 9 and 14. The parameters used in this alulation are: the sample thikness
d=700 nm, its magneti penetration depth λ = 250 nm for a standard high quality YBCO
sample
13,19
at 77 K. For the probe oil we have onsidered a 22 turns, 24 sheets oil with the
inner radius r0= 1 mm and a wire diameter equal to 50 µm. The results of this alulation
are reported in gure 4: the normal omponent Bz is negligible in respet to the radial
omponent Br. Moreover, it is worthwhile to emphasize that the magnitude of Br is about
two times larger than in the ase without sample shown in gure 3, in the same point of
the spae, as we an expet within the framework of a mirror image oil solution analysis.
For the Bean model be valid, the total indution eld must be zero on the opposite side
of the lm. This is true when the eetive sreening length λscreening is equal to or less
than the lm thikness d. From eq. 8, in the ase of a superonduting sample, it results
λscreening = λ · coth(d/λ)
16,20
. When λscreening > d the error in the estimation of JC may
be very large: to estimate it roughly, we an alulate the relative dierene in the JC
values when the lm thikness equals d and the eetive sreening length λscreening, i.e.
|1 − JC(λscreening)/JC(d)|. For example, for a lm with d=200nm and λ=250nm, the error
an rise up to 46%.
To alulate the oeient k we take the maximum of the oil funtion f(r) plotted in
gure 3. This represents the spatial region where the eld reahes its maximum value. In the
ase of the opper oil reported above, our disrete model gives the value of k = 2 ∗ 105m−1
at a sample-oil distane h=0.1 mm. Our alulation allows to estimate k(h) with an error
of 2% for a minimum 10% error in the determination of h. k(h) dereases as h inreases
as it is shown in gure 5, beause of the presene of terms ∝ e−hγ in the eld expression.
In the same graph, the experimentally determinated values of k at various distane are
also reported. The experimental values are in good agreement within the error bars with
the behavior predited by the disrete model. Details of the measurement will be given in
the next setion. The exat knowledge of the relation linking k to h makes this tehnique
extremely exible. For example, in the ase of superonduting tapes or large area lms,
the probing oil must be moved all along the sample. Thus, to orretly estimate JC , it is
neessary to know exatly the magneti oupling versus the sample to oil distane h.
8
IV. EXPERIMENTAL
To validate our disrete model we have indutively measured the ritial urrent density
of a superonduting lm of well known transport properties. For the measure of the third
harmoni signal V3 we used a Lok-in amplier (Signal Reovery 7265). The amplitude
of the induing sinusoidal urrent (the Lok-in referene signal) irulating in the oil is
measured by using a high preision resistor in series with the oil. A ommerial highly
linear amplier inreases the induing sinusoidal signal. The output signal is ltered by
using a home made, low noise noth lter to redue the rst harmoni omponent noise and
to avoid any saturation of the Lok-in. The temperature is monitored by a temperature
ontroller (Neoera2021) onneted to a Cernox resistor thermometer. The harateristis
of the oil used in our experiment have been reported in the previous paragraph.
The samples tested are 700 nm thik YBCO thin lms produed by Theva GmbH with
dimensions 10 x 10 mm
2
. The ritial temperature and the ritial urrent density at liquid
nitrogen temperature given by the produer are 87.9 K and 2.57 MA/m
2
(expressed in
root mean square) respetively. The value of the ritial urrent IC0 was experimentally
determined looking at the onset of non linearity by the extrapolation of the linear portion in
the V3 versus I plot (see for example in gure 6 and ref.
1
). The value found for the ritial
urrent density of the sample of g. 6 is JC = (2.6 ± 0.3)MA/cm
2
at 77 K, in very good
agreement with the data reported by the produer. For all the other samples tested, JC has
been found statistially well within the error bars of the measurement presented above. The
error on IC0 is estimated as the dierene between the rst point that is no more aligned
on the linear portion V3 versus I and the extrapolated IC0 value (see the arrows on gure
6). This error is larger at low temperature beause of the inrease of the ritial urrent
density: at higher JC , the noise level introdued by the amplier is enhaned thus produing
a rounding in the lossy state transition.
We have repeated the same experiment at dierent sample-oil spaings h, by using a
mirometri srew with 10 µm resolution plaed under the sample holder, to alulate the
experimental saling fator k vs h and omparing it to the expeted theoretial behaviour.
We note some important points: i) the experimental values have been obtained by onsider-
ing the ritial urrent density equal to the value given by the produer; ii) to minimize the
error in the determination of the sample-oil distane, we have set the zero of the miromet-
9
ri srew when the sample is in ontat with the oil (h = 0µm); iii) the error bars for k(h)
have been obtained by taking into aount all the possible error soures (d and IC0) whereas
for h we have taken the minimum resolution of the mirometri srew. As one an see in
gure 5, there is a very good agreement between the k(h) values predited by the disrete
model and the experimental ones.
As a nal test, we have plotted JC versus T lose to Tc in gure 7. The behaviour of the
ritial urrent density is a linear funtion of the temperature. This is usually explained as
due to the presene of Josephson oupling between grains
21,22
. A more detailed analysis of
the JC(T ) behaviour for T > TC/2 goes beyond the sope of this work and will be presented
elsewhere.
V. CONCLUSIONS
In this paper we have revisited in detail an indutive and ontatless tehnique used for
the measurement of the ritial urrent density in superonduting lms. The indutive
geometri oupling fator has been alulated exatly by developing a preise and realisti
model desribing the urrent irulating in a real oil, and its image in a superonduting lm
plaed in lose ontat to it. In partiular, the saling law of the geometri fator versus
the sample-oil distane is found. This is a fundamental issue to render this tehnique
exible, in order to make possible a loal non destrutive evaluation of the ritial urrent
density in large areas lms or superonduting tapes just moving a single probe oil at
a known distane from the testing sample. This disrete analysis has been suessfully
veried by a omparison with similar ontinuous models presented in literature. The model
presented here is more realisti, relatively simple and an desribe the experimental data
with a higher degree of preision in partiular in the ase of oils with a low number of
turns ontrarily to what happens using a ontinuous approah. The model has been veried
experimentally by measuring the ritial urrent density on YBCO lms having well known
transport properties.
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APPENDIX A: THE INDUCTION FIELD EXPRESSIONS
By using expressions ( 6-12), ( 14-15) and the reursive relation for the derivative of the
Bessel funtions we have alulated the radial and the normal indution eld in all the spae
with and without the sample. The expressions are the following:
without the sample:
Br(r, z) = µ0
I0
2
∫ ∞
0
[∑
n
e−|z+hn|γ
∑
m
rmJ1(rmγ)
]
J1(rγ)γdγ (A1)
Bz(r, z) = µ0
I0
2
∫ ∞
0
[∑
n
e−|z+hn|γ
∑
m
rmJ1(rmγ)
]
J0(rγ)γdγ; (A2)
One an dene a geometri oil funtion
2 f(r) for the radial omponent:
f(r) =
∫ ∞
0
[∑
n
e−hnγ
∑
m
rmJ1(rmγ)
]
J1(rγ)γdγ. (A3)
with the sample:
z<0
Br(r, z) = −µ0
I0
2
∫ ∞
0
[∑
n
e−|z+hn|γ
∑
m
rmJ1(rmγ)
]
(1− F (γ, d, l))J1(rγ)γdγ (A4)
Bz(r, z) = µ0
I0
2
∫ ∞
0
[∑
n
e−|z+hn|γ
∑
m
rmJ1(rmγ)
]
(1− F (γ, d, l))J0(rγ)γdγ (A5)
11
0 ≤ z ≤ d
Br(r, z) = µ0
I0
2
∫ ∞
0
[∑
n
e−hnγ
∑
m
rmJ1(rmγ)
]
∂G(γ, z, d, l)
∂z
J1(rγ)dγ (A6)
Bz(r, z) = −µ0
I0
2
∫ ∞
0
[∑
n
e−hnγ
∑
m
rmJ1(rmγ)
]
G(γ, z, d, l)J0(rγ)γdγ (A7)
∂G(γ, z, d, l)
∂z
=
2γ
[
γl
√
1 + l2γ2 cosh
(
z−d
l
√
1 + l2γ2
)
− (1 + l2γ2) sinh
(
z−d
l
√
1 + l2γ2
)]
(1 + 2γ2l2) sinh
(
d
l
√
1 + l2γ2
)
+ 2γl
√
1 + l2γ2 cosh
(
d
l
√
1 + l2γ2
)
(A8)
z>d
Br(r, z) = µ0
I0
2
∫ ∞
0
[∑
n
e−hnγ
∑
m
rmJ1(rmγ)
]
e−zγJ1(rγ)γdγ (A9)
Bz(r, z) = −µ0
I0
2
∫ ∞
0
[∑
n
e−hnγ
∑
m
rmJ1(rmγ)
]
·
[
1− e−zγ − L(γ, l, d)e−dγ
]
J0(rγ)γdγ(A10)
where F (γ, z, d, l),G(γ, z, d, l) and L(γ, d, l) have been dened in eq. 8, eq. 10 and eq. 12
respetively.
Finally, it is possible to evaluate exatly the maximum eletri eld indued on the surfae
of the sample (z=0). By using the third Maxwell equation and eq. 9 we have:
Eϑ(r, z) = max
{
−
∂Aϑ
∂t
}
= µ0I0ωmax {f(r)} (A11)
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FIG. 1: Setion of the sample-oil onguration. The oil is modelled as a disrete distribution of
onentri turns axially and radially equispaed. h is the sample-oil distane and d is the sample
thikness. ∆h and ∆R are the spaings between N adjaent sheets and M adjaent turns in the
same sheet respetively.
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FIG. 2: (Color Online) a) radial omponent Br(r, z = r0) of the indution eld for a one turn one
sheet oil alulated by using the Dodd and Deeds's model (ontinuous line) and our disrete model
(open irles) respetively as a funtion of r/r0; b) the same as in a) for the normal omponent
Bz(r, z = r0).
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FIG. 3: Radial omponent of the magneti eld for the two oils of ases a) and b). The open
irles and the lines represent the disrete and the ontinuous model respetively.
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FIG. 4: Radial omponent of the total indution eld (open squares) for a multi-turn oil. In the
inset the result for the normal omponent (open irles) is shown. Both omponents have been
alulated at the sample surfae as a funtion of r/r0.
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FIG. 5: (Color Online) Determination of the saling fator k versus the sample to oil distane
h. The ontinuous and the dashed lines represent the behaviour expeted for the disrete and the
ontinuous model respetively. The open irles represent the k-values experimentally evaluated.
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FIG. 6: Determination of the ritial urrent IC0. The arrow indiates the last point below whih
the third harmoni voltage is no more linear as a funtion of I.
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FIG. 7: (Color Online) Critial urrent density JC versus temperature for a YBCO thin lm.
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